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1. Introduction

Eigensolver is one of the strongly demanded tools in modern simulations. RIKEN
has been developing high-performance and reliable eigensolvers since 2012 for
the K computer, 2020 for the supercomputer Fugaku. ‘EigenExa’ [3] refers to the
heart of our eigensolver project and the signature software for large-scale and
highly parallel computations. We have just released version 2.11 in 2021 as a
standard library on Fugaku, which employs the novel one-stage scheme. Also, the
traditional one-stage scheme (the green path in Figure 1) is available as most of
the state-of-the-arts eigensolvers such as ScaLAPACK and ELPA.

2. EigenExa
The latest RC version of EigenExa version 2.12 supports (only FP64);
eReal-symmetric Standard eigenvalue problem
eReal-symmetric Generalized eigenvalue problem
eHermitian Standard eigenvalue problem, and
eHermitian Generalized eigenvalue problem.
Along with investigations for modern parallel systems, a band-matrix version of the
one-stage scheme (the red path in Figure 1), communication avoiding algorithms,
and kd-tree based load balancing are introduced.
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Figure 2: Iterative Refinement (left) and verification (right) schemes

3. Benchmark on Fugaku

The preliminary performance comparison among P{DSY|ZHE}EVD of ScaLAPACK
and eigen_{FS|h} of EigenExa in Figure 3, which perform the real-
symmetric/Hermitian standard eigenproblem for all spectrum. The benchmark was
done on Fugaku housed at RIKEN using up to 16,384 nodes (2.2GHz boost mode).
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Figure 1: Schematics of EigenExa schemes and parallel implementations
O Reproducibility: 10

The difficulties to eliminate the nondeterminism of parallel computation and to
ensure perfect reproducibility are common issues in the HPC field. EigenExa is
coded elaborately to guarantee as much reproducible as possible, while
ScalLAPACK is not permanently reproducible even for consecutive calls.

O Iterative Refinement approach:

Like most eigensolvers, EigenExa exhibits typical accuracy behavior, dominated by
the condition number and the gap of the eigenvalues. The idea to refine the
accuracy is another approach, and we are currently attempting to include an

accuracy booster according to Ogita-Aishima’s [2] scheme into version 2.12 or later.

O Verification:

Numerical verification is also investigated with a new approach using only floating-
point arithmetic with nearest-point rounding [4]. The method features high-
precision matrix multiplication to handle large matrices and to suppress the
overestimation of the error upper bound even for ill-conditioned matrices.
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Figure 3: Strong scaling benchmark on Fugaku

Observations reveal greater parallel scaling of EigenExa, with a 3-8x performance
improvement over ScaLAPACK in the real symmetric case. The performance profile
of Hermitian on EigenExa exhibits a similar trend (1.5-4x improvement) to the real
symmetric case. However, PDSYEVD and PZHEEVD show almost equivalent or
upset performance, which is rather unnatural in terms of 2x memory traffic and 2x
computational intensity between real and complex, expected 2x or much faster
performance under normal circumstances, thus, to be clarified in the future.

For N=10¢, a remarkable benchmark of 4,096 nodes (theoretical peak 16.7PFLOPS)
has recorded 1.37 PFLOPS in 3,100 seconds, which is comparable or superior to
those ever done on the K computer and a Fujitsu FX10 [1].

NUM.OF.PROCESS = 4096 (64 64)
NUM.OFTHREADS = 48
calc (ubeta) 403.5206946507096
mat-vec (Au)  1578.050829791464 422462.0994969885
2update (A-uv-vu) 114.8540008612908 5804470.559730870
Veu-{UVAVU)u  89.18599934037775
UV post reduction 1.131300814449787€-04
COMM_STAT/ [ EigenExa (Tr-diagonalization) ]
BCAST :: 0.4729124539927579E+03 0,3965090358032135€+00 [GB/s]
/] 0.1732893275143579E402 7813249984 20834
0.0000000000000000E+00 0
0.39136019186442726+03 15298955299 1835720
0.4678303158842027+01 327052361 20834
REDU .7833301292359829E+03 0.1620980576297323E400 [GB/5]
/I 0.3820074001830071E+03 7960018016 999999
/] 0.4013227290529758E+03 7912018538 1000000
/I 0.0000000000000000E200 0 0
GATHE .0000000000000000E+00 0.0000000000000000+00 [GB/5]
/I 0.0000000000000000E200 0 0
/I 0.0000000000000000E200 0 0O
; 0.0000000000000000E+00 0 0

/I 0.0000000000000000E+00
Total : 0.12562425832287416+04
TRD-BLK 1000000 0.2211923768420238+04 0,13333333333333336+19
0.6027935285878336E+06 GFLOPS

-region nam
10Fs_EDC

20 FS_PDLAEDD
21 Fs_dividing 1.944050788879395E-01 1

4.0854327797889716+02 1
4.085246410369873€+02 1

REDIST:: 0.0000000000000000€ +00
Total :: 0.0000000000000000E+00
Fs_dividing 0.1944050788879395

s,

FS_PDLAEDZ 5.548000335693359E-04

DGEMM 93.62362551689148

D&C 1000000 0.4102310531898402E+03 0.9215881921232708E+18

0.2246510070257390E+07 GFLOPS
TRBAK=472.4014774300158

COMM=235.4324671849608

472.4014774300158 4233687.013174702 GFLOPS

228.7141857822426 4372269.243290813 GFLOPS

113.9825639380142 8773271.678147355 GFLOPS

8.383718039840460E-02 0.1587568167597055

COMM_STAT/ [ Eigenxa (Back-transformation) ]

BCAST :: 0.1809320878237486E-02 0.2785575549711015E-03 [GB/s]
/I 0.1809320878237486€-02 63
//_0.0000000000000000E+00

B e e
/I 033909280318766836-01 64
/I 034741018898785116-01 984375
/] 0.1133802701821551E403 16136014104 7812
/I 0.0000000000000000E+00 0

GATHER:: 0.1144823231939226E+03 0.8531338819405161E-02 [GB/s]
/I 0.11448232319392266+03 122085936 7812

REDIST:: 0.0000000000000000E+00

Total :: 0.2279330529961735€+03

TRDBAK 1000000 0.4724123104801401E+03 0.2000000000000000E+19
0.4233589929033144E+07 GFLOPS

Total(eigen_Fs) 1000000 3094.827764720190 4.254921525456604E+18
1374849.215830691 GFLOPS

tri-diagonal format

FS_create_merge_comm _1.0167598724365236-01 1
barrier 8.976602554321289E-02 1
DSTEDC 1357483863830566E-02 1
3.987155489921570+02 12
1.236915588378906E-03 12
5.548000335693359E-04 12
2.809733486175537E+01 12
6.806299686431885E-01 12
3.699357609748840+02 12
8.341629505157471E-01 12
7.132756710052490E-01 12
2.0752906799316416-01 12
5.1931688308715826+01 240
PACK/ISEND/IRECV  1.611151695251465€-01 240
RECALCDELTA*DGEMM  3.1565951490402226+02 252
DGEMM 9.362362551689148E+01 252

Matrixtype = 2 (Random matrix)
Internally required memory = 7999598864 [Byte]
‘The number of elgenvectors computed = 1000000
mode A" : all the eigenpairs

3094,842517199926 [sec]

54921525456604E+18

74842.662206368 [GFLOPS]

Communication time = 1484.175636224914 [sec]
e = 0.4795641871844676

DLAEDA(Z,D)
allreduce x3
copYa2
WAIT/UNPACK

jenvalue Error Test *
Because the eigenvalues are not given by user
™

FS_EDC 408.5432779788971
COMM_STAT/ [ EigenExa (D-and-C for tr-diag) ]
R
//0.0000000000000000E+00
REDUCE:: 0.0000000000000000E+00 ooooooooooooooooobw[sx/.]
‘GATHER:: 0.0000000000000000E+00 0.0000000000000000E+00 [GB/5]

|1AZZW|_{F}/Ne| A]_{F}= 1.968151137901848€-04
*+* Residual Error Test *** : PASSED

T e

*+ Orthogonality Test *** : PASSE!

Time spent for error check : 1006, P [secl

4. Summary

EigenExa, a high performance eigensolver on Fugaku, performs highly parallel in
the range of N=10* to 10°. On the considerably huge benchmark with N=109, the
sustained performance exceeded one PFLOPS. The latest version 2.11 can handle
Hermitian matrices, which is expected to broaden the field of applications. The
next version 2.12 will be the first massively parallel eigenvalue library in the world
to provide an accuracy booster that supports accuracy verification and accuracy
improvement without using interval arithmetic, consequently, contributing to a
reliable computing and real-world applications related to Society 5.0
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