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𝐴𝑋 + 𝑋∗𝐵 = 𝐶 Applications :
Palindromic eigenvalue problems [1] arising from
• vibration analysis of fast trains 
• simulations of surface acoustic wave filter 

𝐴𝑋 + 𝑋T𝐵 = 𝐶

𝐴 ∈ ℂ𝑚×𝑛, 𝐵 ∈ ℂ𝑛×𝑚, 𝐶 ∈ ℂ𝑚×𝑚: given matrices,  
𝑋 ∈ ℂ𝑛×𝑚: unknown matrix
⋅ ∗: conjugate transpose of matrix

⋅ T: transpose of matrix

∗-congruence Sylvester equation

The same approach cannot be utilized for the ∗-congruence Sylvester equation 
Problem:

The T-congruence Sylvester equation is equivalent to a generalized Sylvester equation under certain conditions [2]

𝐴𝑋 + 𝑋T𝐵 = 𝐶

𝐴𝑌 − 𝐵T𝑌𝑆T = 𝑄

⇔

• The generalized Sylvester equation does not contain the transpose of the unknown matrix
It may lead to efficient numerical algorithms of the T-Sylvester equation

𝐴𝑋 + 𝑋∗𝐵 = 𝐶

𝐴𝑌 − 𝐵∗𝑌𝑆T = 𝑄

⇔

The ∗-congruence Sylvester equation is equivalent to a generalized Sylvester equation under certain conditions

Extension to the ∗-congruence Sylvester equation

Main results:

Purpose
Extend the above previous study to  the ∗-congruence Sylvester equation

• can be regarded as an extension of the T-congruence Sylvester equation

Extension?

Idea:
Separate the real & imaginary parts respectively

T-Sylvester eq. Gen. Sylvester eq.⇔ ∗-Sylvester eq. ????⇔

Approach
1. Apply the vec operator (Vectorization)
2. Transform an equivalent linear system into another linear system
3. Return to matrix equation

T-Sylvester eq. Gen. Sylvester eq.

Linear system Linear system
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T-Sylvester eq.

∗-Sylvester eq.

vectorization

vectorization

Linear system

Non-linear system

☺



𝐼𝑚 ⊗𝐴 + 𝑃 𝐼𝑚 ⊗𝐵T 𝒙 = 𝒄

𝐼𝑚 ⊗𝐴 𝒙 + 𝑃 𝐼𝑚 ⊗𝐵T ഥ𝒙 = 𝒄

𝐼𝑚 ⊗𝐴 𝒙 + 𝑃 𝐼𝑚 ⊗𝐵T ഥ𝒙 = 𝒄 ⇔
𝐼𝑚⨂𝐴R + 𝑃 𝐼𝑚⨂𝐵R

T − 𝐼𝑚⨂𝐴I − 𝑃 𝐼𝑚⨂𝐵I
T

𝐼𝑚⨂𝐴I + 𝑃 𝐼𝑚⨂𝐵I
T 𝐼𝑚⨂𝐴R − 𝑃 𝐼𝑚⨂𝐵R

T

𝒙R
𝒙I

=
𝒄R
𝒄I

• The non-linear system becomes a real linear system

𝐼𝑚: 𝑚 ×𝑚 identity matrix
𝑃: permutation matrix
⊗: Kronecker product
𝒙 ≔ vec 𝑋

𝒄 ≔ vec(𝐶)

⋅ : conjugate

vec 𝑋 ≔

𝒙1
⋮
𝒙𝑚

∈ ℂ𝑚𝑛

⋅ R: real part,      ⋅ I: imaginary part

⇔

Future work
• Develop numerical algorithms for the large ∗-congruence 

Sylvester equation using our results
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When 𝑚 ≥ 𝑛:
• 𝑆 satisfies 𝐵T = 𝑆𝐴

• 𝜆𝑖𝜆𝑗 ≠ 1 for 𝜆1, … , 𝜆𝑚 (𝜆𝑘 : eigenvalue of 𝑆)

When 𝑚 ≤ 𝑛:
• 𝑆 ≔ 𝐵T𝐷 (𝐷 satisfies 𝐼𝑚 = 𝐴𝐷)
• 𝜆𝑖𝜆𝑗 ≠ 1 for 𝜆1, … , 𝜆𝑚 (𝜆𝑘 : eigenvalue of 𝑆)

When 𝑚 ≥ 𝑛, 𝑌 ≔ 𝑋, 𝑄 ≔ 𝐶 − 𝑆𝐶 T

When 𝑚 ≤ 𝑛, 𝑌 ≔ 𝑋 ( 𝑋 satisfies 𝑋 = 𝑋 − 𝐷 𝑋T𝐵), 𝑄 ≔ 𝐶
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• 𝜆𝑖 ഥ𝜆𝑗 ≠ 1 for 𝜆1, … , 𝜆𝑚 (𝜆𝑘 : eigenvalue of 𝑆)

When 𝑚 ≤ 𝑛:
• 𝑆 ≔ 𝐵Tഥ𝐷 (𝐷 satisfies 𝐼𝑚 = 𝐴𝐷)
• 𝜆𝑖 ഥ𝜆𝑗 ≠ 1 for 𝜆1, … , 𝜆𝑚 (𝜆𝑘 : eigenvalue of 𝑆)

When 𝑚 ≥ 𝑛, 𝑌 ≔ 𝑋, 𝑄 ≔ 𝐶 − 𝑆 ҧ𝐶 T

When 𝑚 ≤ 𝑛, 𝑌 ≔ 𝑋 ( 𝑋 satisfies 𝑋 = 𝑋 − 𝐷 𝑋∗𝐵), 𝑄 ≔ 𝐶


